NON-EFFECTIVE DEFORMATIONS OF 
GROTHENDIECK'S HILBERT FUNCTOR 



CHRISTIAN LUNDKVIST AND ROY SKJELNES 

Abstract. We show that the Hilbert functor of rank one fam- 
ilies on a non-separated scheme X admits deformations that are 
not effective. For such ambient schemes we have that the Hilbert 
functor is not representable by a scheme or an algebraic space. 



Introduction 

One of Artin's criteria for representability of functors is the condi- 
tion of effect ivity of formal deformations [Art 69]. We will in this note 
show that the Hilbert functor of Grothendieck |FGA] does not always 
fulfill this criterion, and in particular that those functors will not be 
representable by an algebraic space, or a scheme. 

It has been implicitly known for some time that the Hilbert func- 
tor parametrizing flat families does not behave well when the ambi- 
ent scheme X is not separated. In this note we show explicitly that 
separatedness is a neccessary condition for the Hilbert functor to be 
representable. 

In fact, when X is not separated over the base S we show that 
the subfunctor TCilb x , s parametrizing rank one families is not repre- 
sentable. In the separated case the functor is represented by the scheme 
X itself, as intuition would suggest. 

We briefly sketch the arguments in the paper. Fix the ambient scheme 
X, in the category of schemes over a fixed base scheme, and we let 
7iilb x denote the Hilbert functor of 1-points on X, suppressing the 
base scheme in the notation. That is, the functor 7iilb x parametrizes 
families of closed subschemes of X that are flat and of finite rank one 
over the base. The crucial fact in the definition is that the families are 
closed. 

Furthermore, for a complete local ring A we consider the natural 
map 

Hilb l x (A) — ► limHilb x (A/m n+1 ). 

A formal deformation {£„} is a collection of compatible families £ n 6 
Ti.ilb x (A/m n+l ), and the deformation is called effective if it is in the 
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image of the above map. It is easy to see that the map above is injective, 
but the map is not surjective in general. When the fixed scheme X does 
not satisfy the valuative criterion of separatedness we show that there 
exists a complete valuation ring A such that surjectivity of the above 
map fails. In particular we have that the Hilbert functor THlb x is not 
representable for such schemes. 

An explanation for the above mentioned result is as follows. It is 
easy to see that 7iilb x parametrizes closed sections of the structure 
map / : X — > S and when the morphism / is separated we have 
that any section is closed. On the other hand, schemes / : X — > S 
that do not satisfy the valuative criterion of separatedness have non- 
closed sections. Replacing S with the spectrum of a complete valuation 
ring A, we have that different extensions of the generic point of the 
curve S yield sections £ : S — > X that are not closed. However, the 
infinitesimal truncations £ ra : Spec(A/m n+1 ) — > X of a section £ are 
closed. Consequently the infinitesimal truncations £ n form a formal 
deformation, which is not effective since £ ^ THlb x (A) and the section 
£ is uniquely determined by the {£ n }- 

In the following sections we give the details of the above sketch. 



1. The Hilbert functor of one point 

We will in this first section define Grothendieck's Hilbert functor of 
points, and recall what is known for the Hilbert functor of one point. 



1.1. Sections. We fix a morphism of schemes f : X —> S. A section £ 
is a morphism of schemes £ : S —>■ X such that the composition / o £ is 
the identity on S. Sections are always immersions [E G A"]] Cor. 5.3.11], 



and we say that a section is closed if it is a closed immersion. 

We let Sx denote the contravariant functor that to any ^-scheme T 
assigns the set Sx(T) of sections T — > X x s T of the projection map 
Xx s T^T. 

Lemma 1.2. Composing a section T — > X x $ T with the projection 
map Ix s T^I gives a map of functors 

(1.2.1) n:S x ^Hom 5 (-,X), 

which is an isomorphism. The inverse of $1.2.1\) is induced by the 
diagonal map A : X — > X x$ X . 

Proof. Let 5 : Homs(- ,X) — > Sx denote the map of functors induced 
from the diagonal A £ Sx(X), and denote by p% the first projection 
Xx s X^X. 
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Then for any S'-morphism g : T — > A we have 5(g) = (pioAog, 1 T ) 
(g, It), as seen by the diagram below: 



X x s T ^Ix s I^I 



(ff.lr) 



T X S. 



Also, for any section £ = (g, It) : T — > X x§ T we have by definition 
n i0 = 9- ^ is thus clear that n and 5 are inverse to each other. □ 

Remark 1.3. It follows from Lemma ( 11.2jl that any section of a sep- 
arated morphism / : X — > S 1 is closed, being the pull-back of the 
diagonal A : X — > X x s X. 

Lemma 1.4. Let f : X — > Spec(v4) be a morphism of schemes, where 
(A, m) is a complete local ring. For each n > 1 we let A n := A/m n+1 
and X n := X xa Spec(A n ). Furthermore we let f n : X n — > Spec(.A n ) 
denote the induced morphism. 

(a) Sections £ n of f n : X n — > Spec(A n ) are closed. 

(b) Let £' and £ 6e sections of f : X —* Spec(A), such that when 
restricted to Spec(v4 n ) we have (,' n = £ n for all n. Then £ = 

Proof. As the underlying topological space of Spec(y4„) is one point 
it follows that £ n factors through any open affine U C X n containing 
the image of £ n . Then Spec(v4 n ) — > [/ is a section of the separated 
morphism f n \U and hence a closed section. It follows that that the 
image of £ n is closed in any open affine U C A n , and hence closed in 
X n . This proves the first statement. 

To prove the second assertion we let Spec(5) C X be an open affine 
subscheme containing the image of the closed point Spec(A/m) under 
£. The sections £ n : Spec(A n ) — ► X n , composed with the closed im- 
mersions X n — > X factor through Spec(-B). The corresponding ring 
homomorphism B —>■ A n determines a unique morphism to the inverse 
limit lim/Lt = A. As £' coincides with £ when restricted to Spec(A n ) 
it follows that £' = £. □ 

1.5. The Hilbert functor of points. For a fixed scheme A over some 
base S we let H-tib™ be the Hilbert functor of m-points on A, as defined 
by Grothendieck |FGA[ p. 221-26]. Thus, for any ^-scheme T we 
have that the T-valued points of Titto™ is the set of closed subschemes 
Z C A x 5 T such that the induced projection p : Z — ► T is flat and 
finite of rank m. In other words, p is flat and finite, and p*Oz is locally 
free of rank m as an CV-module. 

Lemma 1.6. Let [/ (1 X be an open subscheme, where X is sepa- 
rated over the base scheme S . Then there is a natural transformation 
HiWft -> Hilb%. 
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Proof. As a T-valued point Z of TUlb™ is finite over T it is in particular 
proper over T by |EGAh[ Cor. 6.1.11]. Thus the composition 



Z — >U x s T — >X x s T — > T 

is proper and the projection map X x s T —>■ T is separated. It follows 
from |EGAh| > Cor. 5.4.3] that the immersion Z — > X x s T is proper 
and hence closed, and so we get an element of 7iilb^(T). □ 

Remark 1.7. If U C X is an open immersion then it is not true in 
general that we have a map of functors 7iilb\j —>■ 7iilb x , as the following 
example shows. 

Example 1.8. Let X denote the line with a double point. We obtain 
X by glueing two copies of the line along the open complement of a 
closed point. In particular we can let U C X be the open subscheme 
given by one of the lines. Finally we let the base S be the line, with the 
natural projection morphism X — > S. Now it is clear that the whole 
line U itself is flat and finite of rank one over the base. However, the 
line U is not closed in X, but clearly closed in U. Thus there is not a 
natural map from TLilb\j to Ttilb x . In fact Tiilb\j{U) is a singleton set, 
whereas Ti,ilb x (U) is the empty set. 

Remark 1.9. Let T be a coherent sheaf on X, and let Quot(.7- '/ X / S) 
denote the Quot-functor (see e.g. [FGAj or |Art69] ). When / : X — > S 
is locally of finite presentation, Artin applies the algebraization theorem 
to show that the Quot-functor is representable by an algebraic space in 
[Art69l §6] - but the additional hypothesis that / : X — > S is separated 
is required. 

One instance where separatedness is needed in the proof of [Art69l 
Thm 6.1, p. 61] is a reduction to the Quot-functor Quot(jF'/A / /S'), 
where X' is open in X. Because, as pointed out in Remark (11.71) . there 
does not always exist a map Quot(JF'/A'/S') — ► Quot(J r /A/S'). 

Also, the reference to Grothendieck's existence theorem for formal 
sheaves |EGAhi[ Thm. 5.1.4] in [Art69l Thm 6.1, p. 64] is problematic, 



since the existence theorem requires separatedness conditions. 

The problems of separatedness are adressed by Artin himself in 
[Art 741 Appendix, p. 186]. 

1.10. The Hilbert functor of one point. We will now focus on a 
particular case of the Hilbert functor of points, namely when m — 1. 
In that case we have that the projection p : Z — » T is finite and flat of 
rank 1, and then p must be an isomorphism. The inverse to p gives a 
closed section T — > X x s T and thus we may identify the set Hilb x (T) 
with the set of closed sections T-*Ix s T. In particular we see that 
Hilb x is a subfunctor of the section functor S x (11.11) . 

Proposition 1.11. The map of functors U.2.1\) induces a natural map 
(1.11.1) n x :mib x — >Rom s {-,X), 
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which is an isomorphism if and only if f : X — > S is separated. 

Proof. When / : X — > S is separated we have that any section is closed. 
Consequently we have that Tiilb x = Sx, and the proposition is then 
a special case of Lemma (11.21) . When / : X — > S is not separated 
there exists non-closed sections, e.g. the diagonal map I^Ix s I. 
Therefore Tlilb x (X) C Sx(X) is a proper subset and the map nx is 
not an isomorphism. □ 

Remark 1.12. In |FGA1 p. 221-26] Grothendieck introduced a norm 
map from the Hilbert scheme Hilb^ to the m-fold symmetric product 
Sym™(X). The map (11.ll.ip is this norm map for m = 1. 

Remark 1.13. In the definition of the Hilbert functor Tiilb 1 ^, one could 
replace closed subschemes with locally closed subschemes. In that case 
we would have equality 7iilb x = Sx, and in particular the norm map 
(ll.ll.ip would be an isomorphism. See |Kle90j Prop 2.2, Cor. 2.3]. 
However, it is not clear that the refined definition of 7iilb x would 
prove to be representable (for m > 1). 

For other discussions of Hilbert- and Quot functors related to stacks 
see |Art741 p. 186], [QS03] and jVS9l] . 



2. Formal deformations of the Hilbert functor 

Before we prove our main result, we will, for the sake of completeness, 
prove that deformations of algebraic spaces are effective. A proof of 
this can also be found in |Art69] . 

2.1. Effective deformations. Let S be a scheme, and let F be a 
contravariant functor from the category of ^-schemes to sets. If X = 
Spec(A) is an affine scheme, we write F(A) instead of F(X). 

Given a field k and an element £o G F(k). A formal deformation of 
£o is a pair (A, {£„}„>o) where A is a complete local ring with residue 
field k and {£ n }n>o is a collection of elements with £ n e F(A/m n+1 ) 
such that £ n _i is induced from £ n and £ is the original element. The 
deformation is called effective if there is an element £ G F(A) inducing 
the elements {£ n }- 

Remark 2.2. Any formal deformation of a scheme F = Homs(-, Y) is 
effective. Indeed, if £ n : Spec(v4/m n+1 ) — » Y is a compatible collection 
of morphisms, then all £ n factor through any open affine U C Y con- 
taining the image of the point Spec(A/m). Consequently the collection 
of maps £ n can be reduced to the affine case where the result follows 
from the universal property of the inverse limit hmv4/m n+1 . 

Proposition 2.3. Any formal deformation of an algebraic space X is 
effective. 



(> 
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Proof. We can carry over the arguments of Remark 12.21 to the setting 
of algebraic spaces. Thus suppose that we are given a collection {£ n } 
of morphisms £ n : Spec(A/m n+1 ) -> X. By |Knu71l Thm. II.6.4] we 
have that the map £o : Spec(fc) — > X factors as Spec(A;) — > U — > X 
where U is affine and U — > X is etale. 

By the lifting property of etale maps we have that also the maps 
^ : Spec(A/m n+1 ) -> X factor as Spec(A/m n+1 ) -> U -> X. Since 
[/ is affine it is clear that we have a map Spec (A) — > [/ that restricts 
to the given maps Spec(74/m n+1 ) — > [/ for each n, and so we have 
found the required map £ : Spec (A) — ► X. Thus the deformation is 
effective. □ 

2.4. Formal deformations of the Hilbert functor. For any com- 
plete local ring (A, m) we consider the natural map 

(2.4.1) Hilb x (A) — ► KmHilb x (A/m n+1 ), 

where 7iilb l x is the Hilbert functor defined in f ll.lOj) . A consequence 
of Lemma (11.41) is that the map (12.4. II) is injective. Our main result is 
that that the map (12.4.11) is not always surjective. 

2.5. Valuative criterion of separatedness. Recall that a morphism 
of schemes f : X —> S satisfies the valuative criterion for separated- 
ness if, for any valuation ring A with fraction field K, and for any 
commutative diagram of schemes 



(2.5.1) Spec{K) -X 



Spec(A) *- S, 

there exists at most one morphism £ : Spec(A) — > X extending the 
morphism Spec(-fT) — >• X of the diagram. 

Theorem 2.6. Let f : X — > S be a morphism locally of finite type, 
and where the base scheme S is locally noetherian. Assume furthermore 
that f : X — > S does not satisfy the valuative criterion of separatedness. 
Then the Hilbert functor Tiilbx has non-effective formal deformations. 
In particular, for such X , the functor Hilbx is not representable by a 
scheme or an algebraic space. 

Proof. As / : X — ► S does not satisfy the valuative criterion of sepa- 
ratedness there exists a diagram as (12.5. ip with at least two extensions 
Spec(A) — > X of the morphism from the generic point Spec(X) — > X. 
Furthemore, as / : X — ► S is locally of finite type and S is locally 
noetherian, we can assume that A is a discrete valuation ring |EGAn 



Prop. 7.2.3]. We have that the completion A of A is also a discrete 
valuation ring with fraction field K and the map A — > A is injective. 
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Through the canonical map Spec (A) — > Spec (A) we then obtain a dia- 
gram of the form (12.5.11) with A and K instead of A and K. Thus we 
may assume that the ring A is complete. 

Consider now one of the sections £ : Spec(A) — > Xa '■= X x s Spec(A) 
that we obtain from the diagram (12.5.11) . As we have at least one other 
section extending the map from the generic point Spec (if) — > Xa it 
follows that £ is not closed. Hence £ is not a Spec(A)-valued point of 
Hilb l x . 

By Lemma (11.41) . the induced sections £ n : Spec(/i/m n+1 ) — > X x s 
Spec(A/m n+1 ) are closed. Therefore the collection of sections {£ n } 
form a formal deformation of £o : Spec(^4/m) — > X x s Spec(A/m). If 
there was an element £' G TCilb^ (A) whose truncations would form the 
constructed formal deformation, it would have to be £ by Lemma (11.41) . 
However, as £ ^ Hilb\{A) we have that the constructed deformation 
is not effective. □ 

Corollary 2.7. Let f : X — > S be locally of finite type, with S locally 
noetherian. Then Jiilb\ is representable if and only if f : X —>■ S is 
separated. If it exists, the representing scheme is X. 

Proof. By |EGA n l Prop. 7.2.3, Rem. 7.2.4(f)] we have that / : X -> S 
is separated if and only if the valuative criterion holds. Consequently 
the corollary follows from Proposition (11.111) and Theorem H 2 . 6 1) . □ 

Remark 2.8. When / : X — >• S is locally of finite type of locally noe- 
therian schemes, the valuative criterion (12.5.11) can be checked using 
complete discrete valuation rings A EGAnj Prop. 7. 2. 3]. For general 



/ : X — > S the valuative criterion can be checked using "complete'' 
valuation rings A (see [ EGAni Remark. 7.2.4 (ii)]). However, the 



terminology "complete" in [EGAn does not mean that the ring A is 



Hausdorff and complete in the m-adic topology, unless A is a DVR. 
In particular, for these rings the canonical map A — > limA/m n+1 need 
not be an isomorphism which is the defining property of completeness 
used in this article. We thank David Rydh who made us aware of this. 
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